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ABSTRACT

Zhuoxin, Bi (Doctor of Philosophy in Petroleum Engineering)
Conditioning 3D Stochastic Channels to
Well-Test Pressure Data (150 pp. - Chapter VI)
Co-Directed by Dr. Albert C. Reynolds, Jr. and Dr. Dean S. Oliver
(327 words)

This dissertation addresses the problem of smulating stochastic 3-D channels that are
conditional to well-test pressure data. The channels are characterized by four random
variables that define the principal direction line (PDL), and by four one-dimensiona
random fields that define the deviation of the channel center from the PDL in the
horizontal and vertical directions, and the channel width and aspect ratio (width divided by
thickness). In most cases, the permeability and porosity inside and outside the channel are
unknown variables to be determined simultaneoudly with the channel geometry. For the
largest models treated in this report, there are 248 random variables to be conditioned to
pressure data. Because there is insufficient information in the pressure data to uniquely
congtrain al of the channel variables, we use a Bayesan/Monte Carlo approach which
combines prior geologic knowledge of plausible channel shapes with the observed data to
generate plausible redizations of channels.

A Levenberg-Marquardt method is used in the conditioning procedure. Efficient



evaluation of the sensitivity of pressure data to channel variablesis a critical aspect of our
method. We first compute sensitivities of pressure to gridblock permeability and porosity
using a variationa method, then apply the chain rule to compute sensitivities to channel
variables. The method is efficient, typicaly requiring only 4 to 6 iterations to generate a
realization.

Based on the results of synthetic case studies, we found that good estimates of
reservoir properties, such as the kh product of the reservoir around the well, the total
channel volume or total pore volume, and the flow cross-sectiona area of the reservoir
around the well could be obtained using pressure data from a single well, provided
pressure data during appropriate flow periods are available. For example, the total pore
volume of the reservoir could be well resolved if pseudo-steady state pressure data are
available. Moreover, conditioning to pressure data, the observed channel thickness and top

depth does reduce the uncertainty in the geometric parameters near the well location.
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CHAPTER|

INTRODUCTION

This study focuses on generating a stochastic three-dimensional (3D) channel
conditioned to well-test pressure data. To do so, we first formulate a ssmple stochastic
model for generating a single channel within a background facies. The background facies
originally occupies a three-dimensional rectangular parallel-piped region (a “box”) and a
realization of a channel is embedded within this box. For reservoir simulation purposes, a
three-dimensional rectangular grid is defined on this box. To smulate a channel, we first
generate a principal direction line (PDL). The principal direction line is described by four
random variables. The PDL starts at (0, Yo, ), where yp and z, are modeled as Gaussian
random variables. To complete the model of the PDL, we also specify the sope of the
projection of the PDL on the x-y plane and the slope of its projection onto the x-z plane.
These dopes are also modeled as Gaussian random variables. We assume that the x
coordinate of the PDL issuch that O £ x £ L. Having specified a principal direction line,
the channel is parameterized by four correlated Gaussian random fields: the sinuosity in
the x-y plane, the sinuosity in the x-z plane, the width and aspect ratio. A simulation of
each of these Gaussian random fields is generated to obtain values at discrete x's (x-
coordinate of gridblock centers). If (x;, y, 2) denotes the point on the PDL at x = x;, then
the center of the channel at x = X is obtained by using the two associated sinuosity values

to perturb y and z The thickness H(x) at each X is obtained from the values of the width



W(x) and aspect ratio AR(X). Thus, a each x;, the cross-section is rectangular and a
“panel” of the channel is represented by a box having dimensions H(x), W(x;) and Dx.. By
putting these panels together, we obtain the complete channel. This simple stochastic
channel model is based on the work of Georgsen et al. [9, 10].

As we will see, this model offers two main advantages; (i) it is easy to embed the
channel within the simulation grid; (ii) it is easy to generate the sensitivity of well-test
pressure data to channel model parameters. These sensitivity coefficients are needed in
the procedure we use to condition a channel to pressure data.

In conditioning the channel to pressure data, we wish to generate simultaneously
realizations of the channel (geometric parameters) and the permeability and porosity
fields. The permeability inside the channel is represented by single Gaussian random
variable with prescribed mean and variance. Channel porosity and the permeability and
porosity in the background facies are modeled in asimilar way.

From this point on, model parameters refer to the collection of all stochastic
parameters, the four random variables describing the principal direction line, the four
Gaussian random fields describing the channel and the four stochastic variables
describing the rock property fields. As values of the random fields describing channel
geometry are generated only at x, 1£ i £ Ny, the number of model parametersis finite and
can be described by a vector which is referred to as the vector of model parameters or
simply as the model. This stochastic model is referred to as the prior model. From our
specification of model parameters, the probability density function (pdf) for the prior
model iswell defined. The a posteriori pdf for the model conditioned to pressure data can

be obtained from Bayes' theorem.



In order to characterize the uncertainty in model parameters (or in performance
predictions), we wish to generate multiple realizations of the model by sampling the a
posteriori pdf. Relevant discussions can be found in Tarantola [24], Oliver [18] and
Reynolds et al. [23]. In this work, we sample the a posteriori pdf by a method which was
briefly mentioned by Kitanidis [15], but was developed within the context of Markov
chain Monte Carlo ssmulation by Oliver et al. [18]; see Reynolds et a. [23] for additional
theoretical discussion. Here, we refer to the procedure as the randomized maximum
likelihood procedure.

Our emphasis is on generating realizations, not on simply generating the maximum
likelihood estimate, i.e., we are more interested in stochastic smulation than estimation.
However, it is important to note that others have considered the problem of conditioning
a channel to pressure data. In particular, Landa and Horne [17] and Landa [16]
considered the problem of conditioning a channel to pressure data. They considered only
a simple two-dimensional (x-y) problem in which the channel boundaries are described
by trigonometric functions and are parallel; i.e., the channel width is constant. Since the
Landa-Horne model has only a few parameters, the sensitivity coefficients needed to
condition a channel to pressure data can be generated by the direct method (gradient
simulator), see Anterion et a. [1] and Yeh [27], without too high computational cost. Wu
et a. [26] and Wu [25] compared in general terms the computational efficiency of the
gradient simulation method and the adjoint method, see Chen et a. [6] and Chavent [5],
for generating sensitivity coefficients. For single-phase flow problems, the adjoint
method is equivalent to a method proposed by Carter et a. [2, 3]; see Carter et a.’s

discussion. In our procedure for generating the sensitivity of pressure data to model



parameters, we use He et a.’s method [12] to compute the sensitivity of pressure data to
gridblock permeabilities and porosities. Sensitivity of pressure to model parameters can
be computed from these sensitivity values by using the chain rule. As mentioned earlier, a
realization of the model is generated by the randomized maximum likelihood method.
This requires the minimization of an appropriate objective function. This minimization is
accomplished by a Levenberg-Marquardt type agorithm. Typicaly, the agorithm
requires on the order of 10 iterations or less for convergence.

Rahon et al. [22] developed a general procedure for conditioning a geological object
to pressure data. They developed an adjoint method to calculate the sensitivity of pressure
data to an object shape or boundaries. Their formulation is based on the continuous
model, i.e., uses the single-phase flow partial difference equation. When the object is
inserted into a smulation grid, the boundary is modeled using a triangulation of the
boundary surface. The vertices of these triangles are the parameters modified by
conditioning to pressure data. Rahon et a. do not use an a prior probability model to
regularize the procedure and thus uses a non-conventional optimization procedure to
minimize the objective function. They did not attempt to evaluate the uncertainty in the
estimate of model parameters.

The remainder of this dissertation is divided into chapters. Chapter |1 describes the
stochastic model for the channel. Chapter |11 discusses the prior and a posterior pdf for
model parameters, the randomized maximum likelihood procedure and the Levenberg-
Marquardt method used to generate realizations. Chapter 1V discusses in detail the
procedure developed for generating sensitivity coefficients and provides examples.

Chapter V presents some synthetic examples where the conditioning data include the



well-test pressure data as well as the channel thickness and top depth observed at the well

location. Chapter VI presents the conclusions of this study.



CHAPTERII

GENERATION OF A 3D SINGLE CHANNEL

The model for a single 3D channel follows the basic idea of Georgsen et d. [9, 10].
In this model, the channel is characterized by a parameter set which consists of the
principal direction line, horizontal and vertical sinuosity of the centerline of the channel
relative to the principal direction line, and the width and aspect ratio (width/thickness) of
the channel.

We divide the reservoir under study into gridblocks for flow simulation. We will use
the reservoir simulation grid in a(x, y, 2) coordinate system throughout the entire process,
i.e, the scale for the reservoir properties is the same in channel modeling and flow
simulation. We assume that there are Ny, Ny and N, gridblocks in the x, y and z directions
respectively, so that the dimension of the grid is No=Ny" Ny" N, We will use i as the
index of the gridblocks in the x-direction, and j and k, respectively, as the gridblock
indices in the y and z directions unless stated explicitly otherwise. We assume that there
are two homogeneous facies in the reservoir, floodplain facies (outside the channel) and

channel fill facies (channel interior).

2.1 Principal Direction Line

The principal direction line is a spatial straight line. It controls the average

alignment or main tendency of the channel. We denote the principa direction line of the

channel as Uy, which is described by



Co ={(Xp¥p:2p) = (X0, Y0, 20) +1(L Sy, S} (2.1)
where
Xo IS the x-coordinate of the starting point of [, and will be set equal to zero,
Yo and 7, are the y and z coordinates of the starting point, i.e., they and z
coordinates at the point where the line intersects the x = X plane,
t isthe argument along U, which will be set equal to x.
Sy and s, represent the slopes of [, projected onto the x-y plane and x-z plane
respectively.
Note this is nothing but a parametric representation of a line containing (Xo, Yo, Zo) and
having direction numbers (1, Sy, S). Note also that yo, 2, Sy and s are single random
variables. We assume that Yo, zo, Sy and s, are independent normal random variables and

that estimates of the means and variances of these variables are available from geological

data or interpretation. Let ¥, Z, S, S,and s 30 7 ,S¢ S 2 denote the means and

variances of the corresponding normal variables, so that the following probability

distribution functions (pdf’ s) apply:

1 (v, - yo) fl
f = i 2.2.
(yO) \/ES yo eXp 25 yo Iy) ( 1)
1 b o(z- 2)? P
f = i , 222
(ZO) \/ES . exp; 25 2 b ( )
1 ] (Sxy - §xy)21'I
f = j- ———————v, 223
(Sy) = s exp+ o siy )[; (2.2.3)



1 I (se- 50)%H
f(s,) = expi - e’ Sa) b 224

As the random variables are Gaussian, the variables can be sampled very easily.
Figs. 2.1 (a) and (b) illustrate the projections of the principal direction line in the x-y

and x-z plane, respectively. A realization of the principal direction line in 3D space for

Yo =30,2 =60, 5, =02,5,=00,sy =1s; =1s: =0.0001 and s 2 =0001

Swy

isshowninredin Fig. 2.2.

y V4
A A
Yo+ X Sy Zp+ XSy
2
Yo
> X >X
(a) Projection in x-y plane. (b) Projection in x-z plane.

Fig. 2.1 — Projections of the principal direction line.

2.2 Center of the Channe€l

The center [I; of the channel is defined by two one-dimensional Gaussian random
fields called the horizontal sinuosity and vertical sinuosity, denoted by S, and S
respectively. Horizontal sinuosity here is defined as the deviation of the center from the
principal direction line in the y-direction and similarly the vertical sinuosity is the
deviation of the channel center from the principa direction line in the z-direction. These
definitions are dightly different from the definition of sinuosity in geology. These two

fields vary with the x-coordinate, i.e., § = Si(X) and S, = S/(X). Each of these Gaussian



random fields, S, or S, has zero mean and a covariance function that describes the
correlation length and variability. Gaussian covariance functions will be used for both of
these fields because they generate smooth channel paths. One might choose other
covariance functions, such as spherical and exponential or some combination of these

functions [19].

Fig. 2.2 — Principa direction line (red) and center-line (blue) of the channel.

We simulate these fields by the moving average method or filter method [13,14,19].
Assuming a Gaussian covariance function, the horizontal sinuosity S, and vertical

sinuosity S, are defined as follows.

Sh(X) : E{Sh (X} =0.0,

CoS, (0.8, (x9} =5 2 expi - g‘a 4 =
§ S 8 h
S, (%) : E{S, (X} = 0.0,
d b gy b 2.4
u Cov{S, (), S, (x9} =s év exp: g(a Xq% ﬁ/ 24)
§ S o h



where E and Cov represent expectation and covariance operators, respectively, and
s & ands$ , respectively, are the variances of S, and S,. The parameters ag and ag ,
respectively, are related to the correlation lengths of the two fields (the ranges of the
covariance functions), which are about \/5 ag, and \/éaSV , respectively.

Since §(X) and S/(X) are defined relative to the principal line, we can calculate the

coordinates of the channel center . based on both the coordinates of [, and the
definition of §, and S,.
Co={(Xp: Yp + Su(%p) 25 + S, (X))} (25)
Note that S, and S, are both functions of the x-coordinate, i.e., $=S,(X) and S= S/(x),
because we have specified the x-direction as the alignment direction of the channel.
Therefore, the dimensions of §,(x) and S(x) on the simulation grid are actually the
number of gridblocks in the x-direction.
An example of the centerline of a channel is shown in Fig. 2.2 as the blue line on a

uniform grid with the gridblock size in all directions equal to 10 ft. The corresponding

parametersare s 2 =900.0ft>,s 2 =4.0ft? a; =as =46.2ft.

2.3 Width W(x) and Aspect Ratio AR(x) of the Chann€l

Other properties of the channel include the width W and aspect ratio AR. The aspect
ratio, by definition, isthe ratio of the width to the thickness of the channel. Since we have

chosen the x direction to represent the main direction of the channel, we will assume W

and AR are functions of x only. We let x;.,,,and X;,;,,denote the boundaries of all

gridblocks centered at (x;, ¥, z) for al j and k such that 1£ j £ Ny, 1£ K£ N,. For X;_,,,£

10



XE X172, we set W(X)=W(x;) and AR(X)=AR(x;). The width does not vary in the vertical

direction and the thickness does not vary in the y-direction. Therefore, for any value of X,
the cross-section of the channel in the y-z plane is rectangular and symmetric to the
centerline of the channel. The width and aspect ratio are also modeled as 1D correlated
Gaussian random fields with specified expected values and covariance functions. Instead
of using the aspect ratio to define model parameters, Georgsen et a. [9,10] used channel
thickness directly. Replacing the aspect ratio by thickness would make some calculations
more straightforward in our case. Geologically, however, using the aspect ratio appears
more appropriate because channel width and thickness for meandering channels on broad
floodplains are stable and quantitatively related. In this study, width, W(x), and aspect

ratio, AR(x), are multivariate Gaussian random vectors with

Ewx)}=m,, (2.6.1)
_.2 | XX - qu'.jztj.
CovW(x), W(x9} =s 2 expi - g Iy (2.6.2)
f Ay g b
E{AR(X)} = My, (2.7.1)
a2 | X - quzfj
Cov{AR(X), AR(x9} =s 2_expj - g D (2.7.2)
T AR @ b

where my and mhg, respectively, are the expected values of W(x) and AR(X), x and x¢are
two points along the channel center in the x direction, s 5 and s 4z, respectively, denote

the variances of W(x) and AR(x), and ayw and aar, respectively, are related to the ranges of
the covariance functions for W(x) and AR(X). Fig. 2.3 gives a schematic cross-section of

the gridded reservoir for a fixed x coordinate as well as the relationships of the channel

11



parameters described above. Notice that the boundaries of the channel do not necessarily
coincide with gridblock boundaries, since al channel parameters will be determined by
the real coordinates rather than the grid indices. We will refer to the gridblocks
intersected by the channel boundaries as boundary gridblocks. As will be seen in later
chapters, the permeability and porosity for such gridblocks will be defined by a

volumetric average.

Sh(¥)

y4 SA(X)

M ' W(X)/AR(X)

y
Fig. 2.3 — A y-z cross-section of the gridded reservoir at any x that shows

the relationship between the model parameters of a single channel.
( @ istheintersection of the principal direction line and x plane;
@ represents the intersection of the centerline and x plane)

2.4 Moving Average M ethod for Smulating 1D Gaussian Random Fields

As discussed above, $i(X), Si(X), W(X) and AR(X) are assumed to be 1D Gaussian
random fields with known covariance functions. To generate unconditiona realizations
of the 3D channel on the simulation grid, we must simulate these four random fields. To
do so, the moving average method is applied since it is easy to implement and

computationally inexpensive.



The idea of this method isthat if the imposed covariance function of a second order
stationary random field can be written as a convolution product of a function f and its

transposef ', i.e.,
C()=f*fT =Q+j F(u) f (x+u)du, 2.8)

where the transpose of f is defined by f "(u) = f(-u), then a correlated random field Y(x)
with covariance function C(x) and zero expectation can be generated by the convolution
of the known function f with a one-dimensional stationary random field Z(x) with a Dirac

covariance measure, i.e.,
+¥
Y(x)=0¥ f(x- u)Z(u)du. (2.9

Notice that the convolution in Eq. 2.8 looks different from the general expression for
the convolution of two functions. For example, the convolution for two functions, f and g,

isnormally written as
¥ ¥
(f *9)(x) = of (u)g(x- u)du=og(u) f(x- uydu=(g* f)(x). (2.10)
-¥ -¥
Setting g = f T and applying f '(u) = f(-u), we have,
¥ ¥
C(x)=f*f" = af(u)f"(x- uydu= of (U)f(u- x)du. (2.11)
-¥ -¥
Making the change of variable v = u-x in Eq. 2.11gives
¥ ¥
C(X)=f*f" = af (v+x)f(v)dv= of (u)f(u+x)du, (2.12)
-¥ -¥

which isthe form used in Eq. 2.8.

13



Next, we show that Y(X) given by Eq. 2.9 has the same expectation and variance as
the field we wish to simulate. Then, we derive the discrete approximation of Eq. 2.9 that
we will use for simulation.

Suppose that we wish to simulate a stationary random field Y(x) with zero mean and
covariance function C(x) given by Eq. 2.8. Note that if E[Y(X)] = m® O, one can simply
define a stationary function U = Y-mand simulate U. To get arealization of Y, one ssimply
needs to add mto the realization of U.

Taking the expectation of Eq. 2.9 gives
¥
E[Y(X)] = of (x- u)E[Z(u)du] =0. (2.13)
-¥

The covariance of Y(X) is given by

C(h) =C[Y(x),Y(x+h)] =E[Y(X)Y(x+ h)]
= Eéf‘)f (x- u)Z(u)du f‘)f (x+h- v)Z(v)dvg (2.19)
¥ -¥ u
= & o (x- U)f (x+h- V)E[Z(W)Z(v)dudv].
-¥ -y

Assume that Z(u)du is a Dirac covariance measure with E[Z(u)du] = 0 and such that
E[Z(u)du Z(uDd u] equas s du if ud= u and equals zero if ud * u. Using these

relations and assuming that Z(u)du is chosen so that s 2 =1, Eq. 2.14 can be written as
¥
C(h)=C[Y(x),Y(x+h)]= of (x- u)f(x+h- u)du. (2.15)
-¥
Making the change of variable v = x-u, Eq. 2.15 becomes

C(h) = CIY (XY (x+ )] =- of W) F(v+h)dv= of W f(v+h)dv,  (2.16)
¥ -¥

14



which is identical to Eg. 2.8. Thus, we have shown that the random field Y(x) has zero
expectation and its covariance is given by Eq. 2.8.

We would like to construct realizations of Y(x) at an array of discrete points, x;, i =
1, 2,..., Nx. Moreover, we want to approximate the integral of Eqg. 2.9 by a discrete sum.

Applying the trapezoida rulein Eq. 2.9 with X = x; gives

Y(X)= of(x - uW)Z(u)du = a of(x - u)Z(u)du
(=-¥ u,
-4 éf(x - u)Z(u,)+ f(x - UM)Z(UM)E(
(= ¥8 2

(2.17)

ﬁ+l ﬁ

Since the same values of f Z appear in two consecutive terms in the infinite sum, letting

Z,=Z(u,) and Du = u,4+1- u, for al ¢, we can rewrite Eq. 2.17 as
s
Y(X)= a f(x - u,)Z,Du. (2.18)
Making the change k = 7 - i in theindex of summation of EqQ. 2.18 gives
¥
Y(%)= & f(X - Ugi)Zysi Du. (2.19)
k=-¥
Now assuming X; = iDx, u;= jDu and Dx=Du for all integersi and j, Eq. 2.19 becomes

Y(x)= & f(iDx- (k+i)DX)Zy DX
k=-¥

y (2.20)
= & f(- kDX)Z,,Dx
k=-¥
If we make the change of variable k = 7 + i in Eq. 2.18, we can show that
¥
Y(x)= a f(kDx)Z;_,Dx. (2.21)

Note that Eq. 2.9 implies Y(X) =f *Z, i.e., y; is the convolution of function f and the

random field Z. In fact, we can also prove that Y(x) = f ' *Z = 7*f T is a Gaussian random

15



field with mean 0 and covariance equal to f ' * f. The discrete approximation for Y(x) in

this case could be obtained by the same procedure and given by

Y(x)= & f(KDX)Z ., Dx. (2.22)
=¥

Therefore, we can use any one of the preceding three equations to generate the discrete
random field, Y(x). However, Eq. 2.22 will be used for the results presented in this work.

Now we choose Z, i=12,..., to be independent identically distributed random
variables with zero mean and variance s éx. Clearly, the expectation of Y(X) is zero. The

covariance of the random field Y; = Y(x) given by Eq. 2.22 is
C(i) =E[Y(x)Y (X))
é 3 g u
=Ez & f(kDX)Z;, Dx & f(IDX)Z;, . Dx; (2.23)
@(:-¥ |=-¥ H
¥
& £ (kDX) T (IDX)E(Z; 14 Zi 1 )(DX) .
I=-¥%

I Qow

k=-¥

Making the change of summation index n = |+j gives

C(j) =EY (%)Y ()]

v ¥ _ , (2.24)
= & & f[kDx]f[(n- J)DX]E(Z;,Zi+n)(DX)".
k=-¥ n=-¥
Since E[Zi+kZi+n] =0, if Nt kand E[Z+kZi+n] =S 3, if n =k, Eq. 2.24 reduces to
C(J) = E[Y (%)Y (%)
(2.25)

¥
= & fIkDXF[(k- j)DX]s & (Dx)*.
k=-¥
The variance denoted by Var[Y;i] is obtained by setting j=0 and is given by

Var[Y.]=C(0) = & f (kD) f (kDx)s 2 (Dx)>. (2.26)
k=-¥
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As Dx will be determined by the grid discretization, it seems clear that we should choose
s 2. so that the variance given by Eq. 2.26 represents the discrete approximation of the

variance of the continuous random field Y(X).

Denote the variance of Y(x) by Var[Y(X)], from Eqg. 2.8, we have,
¥
Var[Y(x)] =C(0) = of (u) f(u)du. (2.27)
-¥

Using the trapezoidal rule approximation as in Eqg. 2.17 to approximate Eq. 2.27 and

setting Du = Dx give

Var[Y(x )] = & f(u,)f(u)Du= & f(kDu)f (kDu)Du
=¥ k=¥ (2.28)

f (KDx) f (KDX)Dx.
¥

=~

o

k

Comparing Egs. 2.28 and 2.26, we see that
Var[Y;]=(s pDx)Var[Y (%)], (2.29)
where s 3, is the variance of all the Z; variables. Thus, we should choose the variance of

the Z, as equal to 1/Dx, i.e., s 3. = 1/Dx in order to ensure that Var[y(x)]=Var[yi].

From this point on, we assume that the discrete random field Z is a vector of
independent realizations of a normal random variable with mean 0 and variance 1/Dx. We
denote these discrete values of Z(x) as z. The values of a random field Y(x) of interest,
e.g., S(X), S(x), W(X) or AR(X), can be calculated by a discrete form of Eqg. 2.9, i.e., EQ.

2.22, which is repeated here as

+¥
y. = &z, f (KDX)Dx, (2.30)
k=-¥

17



where Dx is the grid block size in the x-direction. The value of z corresponding to k=0, is
assigned to the same point as the value y;. This method is useful only when the weights,
f(kDx), (also known as filter coefficients since the summation in Eq. 2.30 can be
considered as a numerical filter), reduce rapidly to zero as |k| increases so that the sum
can be taken over aredatively small interval, say k~[-20,20]. For a Gaussian covariance
function in one dimension,

C(r)=s expi %Z (2.31)

Q

wherer = [x-x[[Irepresents the distance between xand x[] f (r) iscalculated as

0.25 2
£(r) = sg 49 ot 2—2
a’p o

&

For the problem considered here, s is the standard deviation of the correlated random

O
T, (2.32)
%]

variables of interest; Y(x), r represents the distance between two points of the simulation
grid in the x-direction and a is proportional to the correlation length of the random field,
i.e., represents the a terms in Eqs. 2.3 and 2.4. In order to gain some knowledge about
how many terms must be summed in Eq. 2.30 to approximate Yy, accurately, the

exponential part of Eq. 2.32 is plotted in Fig. 2.4 for different values of Dx/a. In Fig. 2.4,

we have plotted expl— 2(kDx/ a) 2] versus k. Note that we may approximate Eq. 2.30 by

y,= a z,. f(kDx)Dx, (2.33)
k=-k

where Kma=1.5(a/Dx).
Fig. 2.5 presents arealization of the discrete random field AR(i) generated by using

Eq. 2.33 and the corresponding normal field Z for i=1,2,...,40.
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k

Fig. 2.4 — Exponentia functions for different Dx/a values.
In Fig. 2.5, Dx =10 ft was used. Therefore, E(Z) = 0.0, and Var[Z] = 1/Dx = 0.1.
The expectation and variance of the AR are 1.5 and 0.025. The sample mean and variance
of they; generated from Eq. 2.33 are 1.456 and 0.0241, respectively, which are very close

to the true values.

2.0 1.0

TR . A
SRR I i
AT

1.2 g -0.6

Z

1.0 . . . . . . . 1.0

Fig. 2.5 — A redization of AR(X) (triangles) and Z(x) (diamonds).



The values of the function f(kDx) that correspond to Fig. 2.5 are shown in Fig. 2.6
for k = -20~20. As we can see, f(kDx ) decays rapidly as |k| increases. When |k|>9, f(kDx)
is essentially zero. Note aso that the function f(kDx) is symmetric in this case.

For other commonly used covariance functions, e.g., spherical and exponential

functions, the expressions for f(r)'s are given in Refs. [13], [14] and [19].

0.030
0.025 1
0.020 1
f(kDX ) o.015 |
0.010 1

0.005 ~

0.000
-20 -15 -10 -5 0 5 10 15 20

k
Fig. 2.6 — The function f(kDx ) corresponding to Fig. 2.5.

Fig. 2.7 shows a redization of a 3D single channel on a simulation grid. The
dimension of the grid is 40" 25" 10 and each gridblock is 10ft © 10ft ~ 10ft. In generating
this realization, the following values of the model parameters were used.

Principal direction line: 'y, =100.0ft, Z, = 50.0ft, S,, = 0.05, §,, = 0.00,
Sy =10, =10,s 7 =0.00Ls g, =0.001.

Horizontal and vertical sinuosity of the centerline: s § =676.0, s 5 = 9.0,
ag =ag, =80.0ft.

Width: m, =80.0ft, s 2 =9.0, a, =80.0ft,

Aspect ratio: mys =2.0, s 55 =0.025, a,, =80.0ft.

20



In Fig. 2.7, the boundaries of the channel are displayed with different colors. As

discussed later, the colors are associated with the values of gridblock permeabilities.

Fig. 2.7 — A redlization of asingle 3D channel on the simulation grid 40" 25" 10.
Only six vertical gridblocks (z= 0-5) are shown. The scales on the
axes are gridblock numbers starting from O.
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CHAPTER 111
SIMULATION BY RANDOMIZED MAXIMUM

LIKELIHOOD METHOD

In the previous chapter, we discussed the four random variables which define the
principa direction line, and the four one-dimensiona correlated Gaussian random fields
that define the geometric parameters for a channel. In this chapter, we first define the
prior probability density function (pdf) for the channel model. Secondly, we consider the
case where the set of model parameters includes the permeability and porosity inside and
outside the channel. Thirdly, we apply Bayes theorem to obtain the a posteriori pdf
conditioned to data. The data can include both pressure data and the channel thickness
and top depth observed at the location of awell. Finally, we discuss the sampling of the a
posteriori pdf using the randomized maximum likelihood method. Each realization
generated by this procedure requires the minimization of an objective function. For the
application presented here, a modified Levenberg-Marquardt algorithm was used to

perform the minimization.

3.1 ThePrior pdf

For the stochastic channel model introduced in the first chapter, the vector of model

parametersis m = mg where

Mg =[Y0:1Z0:Syy 1SS Singr S Sung s Whoeeo Wy 0 ARV, ARNX]T , (31
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where we have used the subscript G to denote geometric parameters and Ny is the number
of simulation gridblocks in the x-direction. Recall the first four entries in mg represent the
four random variables which describe the principal direction line, whereas, S,, S,, W and
AR are modeled as one-dimensional stationary, correlated random fields which represent,
respectively, horizontal sinuosity, vertical sinuosity, width and aspect ratio. Note that mg
is a4Nx + 4 dimensional column vector. The expectations (means) and covariances of
these random variables and fields were specified in the preceding chapter. We let mg prior

denote the vector of prior means.

We define the 4° 4 diagonal matrix C, by

A 2
Yo

(3.2)

SZ

Sxz

e
1
CWD>CD>CD>CD>CD>@
(72}
o
(72}
O N
[SoRp eny anl en any and

i.e., C, isthe covariance matrix for the principal direction line.

Let Cg , Cg,, Cwand Car, respectively, define the Ni” Ny covariance matrix for S,

S, Wand AR. Then, the prior covariance matrix for the geometric parameters is a block

diagonal matrix given by

~

O
v

(3.3)

@)
o
cooooco

$

Ve

@D D> D D> D> D> (?3

CAR

(e

In general, we will let Cy denote the overall prior covariance matrix for the model
parameters. If the only model parameters are the ones describing the channel geometry,

then Cy = Cg, M= Mg, Myrior = Mg prior @Nd the prior pdf is
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1 _ .
fM (m) = cexpi- _(m' mprior)T CMl(m' mprior)LJ
I 2 %
- ) (3.4
= CeXp%l' E(mG - mG,prior)T C(-Bl(mG - mG,prior)gi
where c is the normalizing constant.

However, we may also wish to consider the rock properties interior and exterior to a
channel as random variables. In this case, we add four random variables, k. (channel
permeability, i.e., the permeability in the channel interior), k.. (permeability of non-
channel facies, or simply permeability outside the channel), j - (channel porosity) and j
(porosity of non-channel facies).

Letting
ml’ :[kC’ knc’j C’j nc]T’ (35)
our vector of model parametersis
3T U
m=g °4 (3.6)
em

In this work, we model each of the four variables in m as Gaussian with prescribed
means and variances. For simplicity, we assume these variables are uncorrelated, so the

associated covariance matrix, Cg, is diagond, i.e.,

~N

o

2

jFIC

S

@)
Py
1
™ D D D D R
7
:z—

u
u
) - (3.7)
u
¢}

Let m prior denote the vector of prior means for these four variables. Our combined

vector of the prior mean is
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ang yrior U
mprior = em IOI'. > l;} (38)
e''r,prior 4
and the prior covariance matrix is
€ Ou
Cu =é5 o (3.9)
e rRU
where throughout submatrices denoted by O denote null matrices.
The prior probability density function still has the form
£ (m) = cexpl - =(m- m.. )T CAm- m,, )Y (3.10)
M = p% 2 prior M prior % :

where c is the normalizing constant.

3.2 A Posteriori Probability Density Function

Here, dops, denotes the vector of observed data that will be used as conditioning data.
This includes pressure data, plus the observed channel thickness and depth of the top of
channel at the well, assuming the channel is penetrated by the well. In all cases

considered in this work, we assume that the channel is penetrated by a single well. We let
dj.denote the vector of observed pressure data that will be used to condition an
unconditional realization of a channel and dP = gp(m) denote the relation between
predicted data and model parameters. Here d P denotes predicted data corresponding to
dhe; i.e, if misthe true model and measurementsin df; . are exact, then d” =d}.

The diagonal matrix Cp, , denotes the pressure data covariance matrix. We assume

that pressure measurement errors can be modeled as independent, identically distributed

Gaussian random variables with mean zero and variance s § .
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We let Hqps denote the observed thickness of the channel at the well location and
Zonst represent the observed value of z at the top of the channel at a well location. We can
of course have several wells in the system in which case Hqps represents a vector of
observed channel thicknesses and zZyns; represents a vector of observed depths of channel
tops.

We assume the measurement errors associated with the vector Hqps are independent,
identically distributed Gaussian random variables with mean zero and variance s jt . We
let Cp denote the associated diagonal covariance matrix with all diagonal entries equal to
S jt . The measurement errors of zps; are modeled in a similar way with Cp ; representing

the diagona data covariance matrix. The overall data covariance matrix is then the

diagonal matrix
Cpp, 0 O
Cob=g 0 Cp, O g. (3.11)
§0 0 Cp,H

The vector dops represents the vector which contains all observed data. In the most

genera case,

AP
gdobslil

e u
dobs = éH obs(* (3.12)
gzobs,t H

We let d be the corresponding vector of predicted data and let d = g(m) represent the

relation between the model m and predicted data, i.e.,

&dP U
H

d= (3.13)

z

CDg> CIES_CD
oo o
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If the observed data at a single channel are channel thickness Hops and top depth zps; Of

the channel, the following relations apply:

W(Xw)

H _ -
d —gH(m)—AR(XW),

(3.14)

2 _ _ W(xy)
d“=g,(m) =z, +x,S,, + 2AR(x,) (3.15)

where x,, represents the x coordinate of the well. In the multiple well case, d ™ and d *
represent the vector corresponding to Hops and Zopst, respectively.

From Bayes theorem, the a posteriori pdf (conditional to observed data), is given by

— 1_ E _ ) Tr~-1 _ ) _ 1 _ Tr~-1 _ U
p (m) - cexp% 2 (m mprlor) CM (m mprlor) 2 (d dobs) CD (d dobs)% (316)
= cexp{- O(m)},

where
1 . 1 _
O(m) = E(m' mprior)T CMl(m' mprior) +§(d - dobs)T CDl(d - dobs) : (3-17)

The model my which minimizes O(m), is the maximum a posteriori estimate. However,
as in previous work done at the University of Tulsa [8], [21] and [23], we wish to
generate a suite of redlizations of the model by sampling CO(m). We use a method
discussed in Kitanidis [15], Oliver et a. [18] and Reynolds et a. [21]. We refer to this
procedure as the randomized maximum likelihood method. In this procedure, an
individual redlization is obtained as follows: first, sample the prior pdf for m to calculate
an unconditional realization my; second, generate an unconditional realization dy of the

data; then minimize

O(m) = %(m' muc)T CMl(m' muc) +%(d - duc)T CI-Dl(d - duc) ’ (318)
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to obtain the conditional realization m.
The procedure is repeated to generate the specified number of conditional
realizations. Unless d is linearly related to the model, this generates only an approximate

sampling of the a posteriori pdf.

3.3 Gauss-Newton Algorithm

The objective function, Eq. 3.17, can be minimized by the Gauss-Newton a gorithm.

The gradient of the objective function O(m) in Eq. 3.17 is given by

RO(M) = Cy (M- Myyior) +{Ndgps - 9T JCo s - G(M],  (3.19)

o, (M) To,(m) oy, (M)d

G .

¢ Tm fimy im, =+

. . ¢g,(m) g, (m) .
where Nidgs, - g(m)]" =-Ng(m)]" =-& qm,  qm, L G

(M) Top(m)  To, (M)

EMm, Tmy  Tmy 5

where g; isthe i component of the Ng-dimensional vector-valued function g(m). Here, Ny
is the total number of conditioning data.

If we define the matrix in Eq. 3.20 as G', then we have,

N[dgps - g(M)]" =-GT, (3.21)
efg(m  fom  fg,(m) o
¢ Tm, m, imy, =
¢ 19,(m) 9, (m) . =
and G:g Tm im, : (3.22)
Moy (M) Tong (M) gy, (M)
g m, A



The matrix G is referred to as the sengitivity matrix. The efficient computation of this

matrix is crucial. We can rewrite Eg. 3.19 intermsof G as
NO(m) = Cy' (M- Mg ) + G Cp [g(M) - dos] (3.23)
The Hessian matrix of O(m) is given by
H(m) = |(Ro(m)T|= it +GTcplG + (NGT )it (o(m) - dyg) - (3:24)
However, in the Gauss-Newton algorithm, this matrix is approximated by
H(m) @, +G'C.'G. (3.25)
Since Cy and Cp are positive definite, this approximate Hessian matrix is also positive

definite.

The Gauss-Newton algorithm solves

H (m*)dmX = - NO(m"), (3.26)

for dm and sets
m<*t = m* + madm®, (3.27)
where k stands for the iteration index and ny is the step size that is determined by aline
search or restricted-step algorithm. In our work, we actually use a modified Levenberg-
Marquardt algorithm to minimize the objective function. This eliminates the necessity to
perform a line search. This algorithm has proved to be a very effective way to solve

nonlinear problems. Another advantage of the agorithm is that it often enhances the

stability of the approximated Hessian matrix.

3.4 Levenberg-Marquardt Algorithm

The Levenberg-Marquardt algorithm can be thought of as a modification of the

Gauss-Newton algorithm. Assume that in the Gauss-Newton agorithm, we use Myior 8s
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an initial guess of the model parameters which gives a large pressure data mismatch. In
this case, we often obtain a rough model m' at the first iteration. Once a model “estimate”
becomes too rough, it is difficult to correct it at later iterations. Moreover, in such
situations, the Gauss-Newton method often converges to alocal minimum which gives an
unacceptable match of the data. We wish to avoid this problem. Borrowing the idea of the
Levenberg-Marquardt algorithm, we can either “increase” the data variances so as to
reduce the effect of huge data mismatch or modify the Gauss-Newton procedure. We use
amodified Levenberg-Marquardt algorithm which is written as

{a+a)c;t +aTeyielm t =- citmk - mye)

o (3.28)
-G CD (g(m)' dobs)’

where a is a positive number. Note by making a sufficient large, we can make |[dm 2|

small and thus control the change in model parameters over an iteration. This procedure
tends to result in smoother change in model parameters and appears to reduce the chance
of becoming trapped in alocal minimum which gives a unacceptable data mismatch.

To obtain an expression for dm***, we divide Eq. 3.28 by (1+a) which gives

11, 1 avma-l0 1 1k
Cy+——G CyGydm™ =——1 -Cy,y(m" -m_. ) -
% M 1ta D %d 1+a{ m ( prlor) (3.29)
GTCoH(g(M) - doe) }
Letting Cpm = (1+a )Cp, it follows that
-1 1 -1
Com =722 Co'- (3.30)
Substituting Eg. 3.30 into Eq. 3.29, we have,
-1 TH~-1 k+1 _ 1 -1k
(it +aTcal o = - —{ il - myig)+ -

GTCbkA (1+a)(g(m) - dobs) }
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From a matrix inverse lemma [24]
[cit+6cik, 6] =cy - CuGT [Cow +GCuGT| 'GCy, (3.32)
so that

- - -1
i +GTCaky G Tt M - M)
-1
:{CM - Cy GT[CDM +GCMGT] GC,, }qﬂl(mk - Myior) (3.33)
-1
:(mk - mprior)' CMGT [CDM +GCM GT] G(mk - mprior)-

From basic matrix algebra, the following matrix identity can be established,

-1

[ch +GTC‘D16]'lGTC‘Dl =C,G' [CD +GC,, GT] (3.34)

Therefore,

) 4 1 )
o3t +aTCal 6] 6TCa () (@ - d) (33

=(1+a)Cy G [Con +GC,GT [ (a(m) - d).
Substituting Eqg. 3.33 and 3.35into 3.31 gives

k
k+l _ _ m- - mprior +

(1+a) (3.36)

1 -1
Tea O G'|c,y +GCy, GT] {G(mk - My ) - (1+a)(g(m) - dobs)}-

dm

Replacing Cpm by (1+a)Cp, it follows,

k
k+l _ _ m- - mprior +

(1+a)

dm

N K (3.37)
Cy, G’ (1+a)C, +GC G’ 1 (m” -
M D M % 1

prior) (9(m) - dObS)%

The detailed Levenberg-Marquardt algorithm for channel inversion is given below.
1. k= 0: set ap to be a big number, say 10000; form myio, NP, and the covariance

matrices, Cp and Cy. In al the case studies of this work, we wish to generate
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1)

realizations from the a posteriori pdf by the randomized maximum likelihood method.
Therefore, we replace myior and dops in EQ. 3.37 by an unconditional realization of
them, respectively, i.e., My, dyc.
k = k+1: calculate pressure response gp(mk) by using a reservoir simulator; evauate
objective function O, = O(m¥) according to Eq. 3.17 and calculate sensitivity matrix
Gk
Evaluate dm“* from Eq. 3.37. Then propose the modd by m** = m +dm“* and
calculate Oy, = O(mY).
Check to see if O(MY) < O(m). If so, accept m*?, and decrease a, by a factor of 10,
i.e., ax+1 = aw/10, then check the convergence criteria. If one of them is satisfied, then
stop iterating; otherwise, go to step 2 for another iteration.
If it is not satisfied, increase ay by afactor of 10, i.e., ax=ax 10, then go to step 3.

A few remarks regarding this algorithm follow.
We use three convergence criteria to stop the iteration. The first one is the data error

variance. If the estimated pressure data error variance is less than the specified data

variance s § ;. i.e, if

1 N
N—a”[gp(mk)- do 12 £s2 ), (3.38)

_ obs,i
pl =1

then we assume that the algorithm has converged. Another convergence criterion is

that if the change in the objective function over an iteration is negligible, i.e.,

|Ok+1 - C)k|

<e, 3.39
o, +10" (3:39)

where eisavery small number, say 10°.
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2)

3)

If the number of iterations exceeds the specified maximum number of iterations
without satisfying either convergence criteria, the algorithm is also forced to stop
even though it has not converged. Typically, we specify the maximum number of
iterations allowed as 10.

The calculated pressure response gp(mf) is obtained by a 3D single-phase flow
simulator which is discussed in He [11]. The porosity and permeability fields for flow
simulation are provided by the stochastic channel generator based on the model
parameters. We use a volume average to calculate the porosity and permeability of a
gridblock intersected by one or more channel boundaries.

Modification of the a value is done within each iteration (if necessary) and the
updated value will be used for the next iteration. Most of the researchers have
recommended using a smaller starting value of a, say 0.001. We use alarger starting
value of a such that the model change is smoother from the beginning of the

algorithm.
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CHAPTER IV

COMPUTATION OF SENSITIVITY COEFFICIENTS

As described in the last two chapters, we wish to generate realizations of the channel
model parameters, which honor the well test pressure data, channel thickness and top
depth observed at well locations. We do this by minimizing an appropriate objective
function by a modified Levenberg-Marquardt algorithm, which essentially interpolates
between the steepest descent and Gauss-Newton algorithms, based on some practical
considerations. The implementation of this algorithm requires only computation of the
objective function O(m) and its gradient and Hessian, for both of which the sensitivity
matrix G is required. As the sengitivity of hard data to model parameters can be easily
calculated directly, we consider the case where d = g(m) represented only pressure data.

Physically speaking, each entry of G, i.e., (T1gi(m)/m), measures the change of pressure

pi = gi(m) due to a small perturbation of model parameter my. For example, TPs.

m,
represents how the calculated pressure corresponding to the 3 measured pressure Popss
changes with the 2™ model parameter m,. Recall that m, represents the z coordinate of the
starting point of the principal direction line, i.e., z,, according to the ordering of model
parameters. Efficient calculation of the G matrix is the key element of the entire inversion

process.



It is well known that the pressure response of a reservoir is a function of reservoir
properties, fluid properties and production time. The mathematical model for this process
isgoverned by a set of differential equations and usually solved by numerical simulation.

The most important reservoir properties are the porosity and permeability fields.
Since we use a numerical reservoir ssimulator for flow simulation, we need the porosity
and permeability values in each gridblock of the reservoir grid. Much relevant work [11],
[12], [18] and [21], has focused on how to find the maximum a posteriori estimate or
redlizations of the porosity and permeability distribution. In the channel inversion
problem however, the model parameters aso include the random variables that describe
the geometry of the 3D channel. The porosity and permeability fields are intermediate
variables that convey the information in channel model parameters to the pressure
response. It is natural to apply the chain rule to compute derivatives of pressure with
respect to channel parameters. In this chapter, we discuss how to calculate porosity and
permeability distributions based on a set of channel parameters and present the procedure

for calculating sensitivity coefficients.

4.1 Computation of Porosity and Permeability Fields

As described in Chapter I, a 3D channel is modeled by four normal random
variables and four Gaussian random fields. For convenience, we have taken the x-
direction as the main direction of the channel. Therefore, the four Gaussian random fields
are all random functions of the x-coordinate. The cross-section of the channel at any
value of X, is rectangular. But cross-sectional area may vary with x. Fig. 4.1 shows an y-z
cross-section of the channel on a reservoir grid at a fixed value of x. It should be noted

that the boundaries of the channel do not necessarily coincide with the grid lines of the
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reservoir grid. If the boundaries are between the grid lines, part of the corresponding
gridblocks are within the channel and part of them are outside the channel. We need a
way to handle these gridblocks in order to distribute porosity and permeability fields on
the entire grid. To simplify notation, let us denote the boundaries of the channel by Ti(X)

(top boundary), Bm(X) (bottom boundary), Ln(x) (left boundary) and Rn(x) (right

boundary) as shown in Fig. 4.1.

N
<

Tm(®) Pt.(x)
~ v_
TR P B B e
O I 5 55 s o s LYY
*
Bm(x) Pb(X)

Fig. 4.1 — A cross-section of agridded reservoir shows a cross-section
of the channel and its boundaries.

These boundaries can be expressed as functions of the model parameters as follows.

T.(X) =2z, + x5, +S,(x) +(0.5V(x)/ AR(X)), (4.1)
B, (X) =2, +x5s,, +S,(x) - (0.5V(x)/ AR(x)), (4.2)
L (X) = Yo + X S + S, (X) - 0.5W(X), (4.3)
Rn(X) = Yo + XS + S (X) + 0.5W(x). (4.4)

Along each boundary and for a given x, the proportions of the gridblocks inside the
channel are similar and can be determined very easily given the values of the boundary

variables and the size of the grid blocks in each direction. Denote Py(x) and Py(X) as the
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length of the channel interior in the top and bottom boundary gridblocks, respectively.
Similarly denote Pi(x) and P,(x) as the length of the channel interior within the left and
right boundary gridblocks, asillustrated in Fig. 4.1.
Pi(X), Po(X), Pi(X) and P,(X) are very easy to compute. For example, P(x) can be
calculated by
P (x)=T,(x)/Dz- int[T,,(x)/ D], (4.5)
where int represents the operation of taking the integer part.

Assume that we can use the volume-weighted average to calculate the porosity and
permeability for all the gridblocks of the channel boundaries. For example, if the total
volume of a boundary gridblock isV and the volumes of the parts of the gridblock inside
and outside the channel are V; and V,, respectively, then the porosity j and permeability k

of this gridblock are calculated by,

V.V
J :VJ c +VOJ nc? (46)
=1k +\\//—°km, (4.7)

wherej ¢, Ke, J nc @and ke are the porosity and permeability inside and outside the channel,

respectively. Determination of V; and V, for a boundary gridblock is straightforward if

Pi(X), Po(X), Pi(X) and P;(X) are known. Fig. 4.2 shows a 3D gridblock on the bottom

boundary of the channel. If this block is not on the corners, V; and V, for this block can be
calculated as follows:

V, =Dx" Dy” Ry(x), (4.8)

Vo =Dx" Dy (Dz- Ry(%). (49)

For the gridblock on the lower left corner, we will have,
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V, =Dx" R(x)" R, (), (4.10)
V, =Dx" [DyDz- B (x)P,(X)] - (4.11)

We can calculate V; and V, for al the boundary gridblocks in the same way as above.

A 1 Po(X)

v /Dx

Dy

Fig. 4.2 — A 3D gridblock on the bottom boundary of the channel, Dx, Dy and Dz
are the gridblock size for this particular block in the x, y and z directions.

Dz

A
\ 4

For the porosity and permeability inside and out of the channel, we either use specified
constant values or specify prior Gaussian distributions for porosity and permeability.

Although thisis an ad hoc treatment, it turns out that it is very effective. One might
guestion the validity of this treatment, especially for permeability, which does not exhibit
any volume additive property in nature. One could, of course, use another procedure such
as geometric average to compute permeability for boundary gridblocks. Sinceit is not the
major purpose of this study, we will assume that the volume-weighted average is
appropriate.

In Fig. 2.7 of Chapter II, we note that the channel boundaries appear as different
colors, which actually reflects the permeability values determined by the above volume-

weighted averages along the boundaries. In that case, we used a constant value of 100md
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for channel permeability and a constant permeability value of 1md for the facies out of

the channdl.

4.2 Computation of Sensitivities

For channel inversion, the main sensitivity coefficients of interest are the derivatives

of the well-test pressure data with respect to the channel parameters, i.e,

fp T fp T 190 T o TP ;_15 N Yad the derivative with
o T2 Tsy T 198, 1S, W AR b

respect to the rock properties. If we aso condition the observed channel thickness and top
depth at well locations, then sensitivities include the derivative of the predicted channel
thickness and top depth at wells with respect to other model parameters (width and aspect
ratio, etc.). Since we have no way to establish a direct relationship between pressure
response obtained in well testing and the channel parameters, we have to take advantage
of the porosity field F(m) and the permeability field K(m) induced from the channel
parameters as a two-stage bridge. On the first stage, we will connect our “input” model
parameters to the “output” pressure response, i.e., p(m) = p[K(m), F (m)] where mis the
model parameter vector. In the second stage, we use the chain rule to construct the
desired sengitivities.

Here, we assume that the data consist of only pressure data. If p; is the i" observed
pressure data and m, is the j"™" model parameter, then the entry in the i row and j™ column

of the sensitivity matrix G is given by

_ b :gbqpi Tk, + o i b9

= 7 (4.12)
im;  b=gfk, Tmy 9§, My

]
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where Ny is the number of ssimulation gridblocks, and k, and j p, respectively, denote the
permeability and porosity in the b™ gridblock.
Letting K denote the vector of gridblock permeabilities, K=K(m), and F the vector

of gridblock porosities, F =F (m), then Eq. 4.12 can be written as

~ K ~ F
G :[NKpi]T1T_+[NF pi]Tﬂ_- (4.13)

m; ‘ﬂmj

We let Tp/TK denote the N,” Ny matrix with i*" row given by [N pl’, Tp/MF denote
the N,” Np, matrix with i" row given by [Nr p]". Let TK/Tm denote the Ny” M matrix with
j™ column given by TK/fm; and let qF /fim denote the Np," M matrix with j™ column given
by fIF /9im, then with this notation, it follows from Eq. 4.13 that the sensitivity coefficient
matrix associated with pressure datais given by

g=Tp _Tp 1K  Tp IF (4.14)

fm IK Im  qF Im’

It seems that these matrices may require a large amount of computer memory if the
number of simulation gridblocks is large. For example, if we use a 40" 25" 10 grid,
Nb=10000, and M=4N,+4=164, so (TK/m) and (fF/fm) are both 10000" 164 matrices.
We will see in the next section, however, most of the entries of these matrices are zero so

that we do not need to store them.

4.2.1 Computation of Sensitivities of Pressure to Porosity and Permeability

In this study, the sensitivities of observed pressure with respect to porosity and
permeability, i.e., p/TK and Yp/F, are calculated with the three-dimensional extension
of the Carter et a. method described by He [11]. Since the procedure utilizes a unit

source pressure response as well as its spatial and time derivatives, careful selection of
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the time step for simulation and sensitivity calculation is needed to avoid negative
sensitivity values induced by numerical truncation error. This may occur because the unit
source pressure drop might be too small to make meaningful calculations of the spatial
and time derivatives. Detailed description about this method and its numerical

implementation are given in [11].

4.2.2 General Formula for {K/{m and F /m

The matrices, K/ fm and fF /fim, by definition, contain the sensitivities of gridblock
permeability and porosity to the model parametersin m. The definition of the prior model
for channel geometry provides us an explicit relationship between K(m), F (m) and the
model parameter vector m, through the definitions of the boundaries. An interesting
phenomenon is that if my is one of the parameters describing the channel, then Tky/imy = 0
unless the gridblock associated with ky contains a channel boundary. This observation
provides a straightforward way to calculate the desired sensitivities. In fact, if we define
the channel boundaries Tr(X), Bn(X), Lm(X) and Ry(X) in terms of the model parameters,
which was done in the last chapter, then we need only to know how the porosity and
permeability near the channel boundaries change as these boundaries vary in space, i.e.,
TKMTm, TKABm, TK/MLm, KRy, F/MTm, TF/Bm, TF/Ln and §F /YR, because
analytical evauation of the derivatives of Ti(X), Bm(X), Lm(X) and Ry(X) with respect to
model parametersis straightforward. Here, T, Br, Lm and Ry, respectively, represent the
vectors of top, bottom, left and right boundary of the channel with the dimension equal to
the number of gridblocks in the x-direction, e.g., Tm={Tm, 1I=1,2,..., Ny}.

In order to keep the equations neat, we will still use matrix notation. Further

application of the chain rule gives,
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TK _ K 1T, , TK 1B, | K TL, , 1K IR,
m 97, Im I8, Im 9L, Im IR, Im’

(4.15)

IF _IF T, TF 1B, , TF L, IF TR,

and = .
fm 91, Im 9B, fm 9L, Im IR, Im

(4.16)

Substituting Egs. 4.15 and 4.16 into 4.14 will finally give the sensitivity matrix G that is
required for channel inversion.
Asasummary, Tables4.1 and 4.2 list the dimensions of al the vectors and matrices

defined so far.

4.2.3 Calculation of Boundary Sensitivities to Model Parameters

Since we have aready defined the relationships between the boundaries of the
channdl, i.e., Tm(X), Bm(X), Lm(X) and Ry(X), and the model parametersin Egs. 4.1 through
44, it is very smple to calculate the derivatives of Ty(X), Bm(X), Lm(X) and Ry(x) with
respect to the model parameters.

Let us record again the expressions for T(X), Bm(X), Lm(X) and Ryn(X) given by Eqgs

4.1 through 4.4.
T.(X) =2z, + x5, +S,(x) +(0.5W(x)/ AR(X)), (4.17)
B (X) =25+ xS, +S,(X) - (0.5V(x)/ AR(x)), (4.18)
Ln(X) = Yo + X Sy + S, (X) - 0.5W(x), (4.19)
Rn(X) = Yo + XS + S (X) + 0.5W(x). (4.20)

Recdll that T represents the top boundary of the channel at gridblock i in the x-
direction and W is the channel width of the gridblock j in the x-direction. x is the value
of the x-coordinate of gridblock i in the x-direction.

The derivatives of these boundaries can be readily obtained as follows:

42



Table 4.1 Dimensions of the vectors

Vector Dimension
Model parameters, mand Myior M, M
Observed Pressure, p=pobs Np
Observed Thickness, Hops Nr
Centerline Sinuosities, S, and S, Ny, Ny
Channel Width, W Nx
Channel Aspect ratio, AR Ny
Channel Boundaries, T, Bm Ny, Nx
Channel Boundaries, Lm, Ry Ny, Ny
Porosity field, F Np
Permeability field, K Np

Table 4.2 Dimensions of the Matrices

Matrix Dimension
Data Covariance Matrix, Cp Ng Ng
Model Covariance Matrix, Cu M M
Sengitivity Matrix, G Ng M
/K, Tp/F Na™ No
TK/qIm, §IF /fIm Ny M
KT, TIKABm, TK/AILm, K/ R, Nb~ Nx
TF T, IF /9B, TF /9ILm,TF /R Nb~ Nx
T/ I, 1B/ Tm, 1L o/ M, TR/ Tm N M
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